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Due to its complexity, line tension is usually neglected or indirectly estimated in studying heterogeneous nucleation. In
this work, we try to provide a direct and quantitative description of it. Within a three-dimensional density functional
framework, the total excess free energy and individual energies at different two-phase interfaces are calculated during
the droplet or bubble nucleation in binary fluids, and the line tension and contact angle are determined simultaneously.
Meanwhile, the contact angle can also be measured directly from the spatial configuration of droplet or bubble. Com-
paring the calculated and measured contact angles, one can see that a good agreement is achieved for bubble and drop-
let at solvophilic and solvophobic walls. It is shown that line tension provides a considerable modification of contact
angle prediction that is of great importance in engineering applications. VC 2013 American Institute of Chemical Engi-

neers AIChE J, 59: 4390–4398, 2013
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Introduction

Nucleation accompanying first-order phase transition is a
topic of wide interest in many scientific studies and techno-
logical processes.1,2 Due to the strict requirements for sam-
ple purity and experimental conditions,3–5 most nucleation
occurs heterogeneously in nature.6–12 Heterogeneous nuclea-
tion usually occurs in the presence of foreign objects, such
as on solid surfaces6–10 or suspended seed particles.11,12 At
present, theoretical interpretation of heterogeneous nucleation
is still immature.

For heterogeneous nucleation, the energy of formation of
a new phase includes not only the excess free energies at the
liquid2solid, vapor2solid, and vapor2liquid interfaces but
also the energy at the three-phase contact line. In classical
heterogeneous nucleation theory, the total free energy is rep-
resented with homogeneous nucleation free energy multiplied
by a function of the contact angle.13 The theory cannot accu-
rately describe the thermodynamic properties of heterogene-
ous nucleation, as the two-phase interfacial free energies are
independent of the supersaturated condition, and the total
energy is calculated without considering the microstructure
of nucleus. As such, the intercorrelation of different interfa-
cial free energies was disregarded.

In fact, at three-phase contact line, there exists line tension,
which is defined as the difference per unit length of the con-
tact line between the actual interfacial energy of the system
and the individual interfacial energies. It is known that line
tension plays an important role in multiphase systems, such as

froth flotation,14 petrochemical industry,15 and dropwise con-
densation heat transfer.16 Similarly, nucleation process is also
sensitive to line tension effects.17 A multitude of previous
studies focused on this subject.18–20 However, there is little
consensus about the magnitude and sign of line tension.

Experimentally, line tension is obtained indirectly by the
measured contact angle with appropriate thermodynamic cor-
relation.21–23 Most of these experiments rely on optical
microscopes to deduce the contact angle from geometric
measurements. To date, the accurate experimental measure-
ment of the line tension is still a big challenge.

Theoretically, Marmur et al.24,25 constructed an approxi-

mate equation to deal with the line tension as well as the con-

tact angle of liquid drops on nanospheres. Widom and

coworkers26,27 provided a geometric interpretation of adsorp-

tion at the three-phase contact line and conjectured a line

adsorption equation. Schimmele and Napiorkowski28 found

two different definitions of line tension in case of a droplet in

contact with a gas on a solid substrate. Indekeu et al.29 dis-

cussed the contribution of the core structure to the line tension

near a wetting transition. In our previous investigations,30,31

the influence of line tension on the wetting behavior of spheri-

cal nanoparticles at a vapor–liquid interface was analyzed.

These works show clearly that line tension is non-neglectable.
Very recently, we have presented a three dimensional den-

sity functional theory (3D DFT) approach to describe hetero-
geneous nucleation of pure Lennard-Jones (LJ) fluid.32 This
work has shown good prospective of the theoretical model in
description of heterogeneous nucleation. In this contribution,
the 3D DFT approach is extended to study the growing drop-
let and bubble of binary fluid mixture on solvophilic and sol-
vophobic walls. The line tension and contact angle are our
main concern. For the numerical solution algorithm in 3-D
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systems, fast Fourier tranform to evaluate the convolution of
the Euler-Lagrange equation and Picard (iterative substitu-
tion) iteration with line search are used. The algorithm can
extensively save computational time and memory usage.33

To analyze line tension and contact angle, the density and
excess free energy distributions of droplets and bubbles on
different walls are calculated and presented in details.
Accordingly, the individual interfacial free energies and total
excess free energy are quantitatively determined. As a result,
the line tension and contact angle are derived out based on
these energies. Unlike classic heterogeneous nucleation
theory, the current theory ensures the individual and total
excess free energy calculations within the same 3-D space.
Another important product of the theory is that the contact
angle can be measured directly based on the droplet (bubble)
configuration. By comparing the measured contact angle
with the calculated one, the accuracy of 3-D-DFT can be
validated. In addition, Tolman lengths for the correlation of
curvature interface tensions and planar interface tensions of
droplet and bubble are analyzed.

Theory

3-D-DFT for LJ fluid mixture

For LJ mixtures, molecules interact through the potential
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where eij and rij are the LJ energy and length parameters,
respectively. Interaction parameters are calculated using the
Lorentz–Berthelot mixing rules
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For a binary mixture, the grand potential of the system,
X q1 rð Þ; q2 rð Þ½ �, can be expressed as
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where F q1 rð Þ;q2 rð Þ½ � indicates the intrinsic Helmholtz free
energy, li stands for the bulk chemical potential of compo-
nent i and Vext

i rð Þ indicates the external force affecting com-
ponent i, which only depends on z-direction and can be
given by34
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in which eiw and riw are the LJ parameters between compo-
nent i and wall, and can be obtained from Eqs. 2 and 3.

The intrinsic Helmholtz free energy of the mixture
F q1 rð Þ;q2 rð Þ½ � includes the ideal, hard-sphere repulsion and
dispersion attraction parts. The ideal part is given by
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with kB the Boltzmann constant and Ki the de Broglie wave-
length of component i.

According to the modified fundamental measure theory,35

the hard-sphere repulsion part can be expressed as
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In 3-D-DFT, the weighted densities na can be computed
using the fast Fourier transform
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in which F stands for the Fourier transform operator, and the
tilde notation means the Fourier image of the function. The
weight functions ~wi

að Þ kð Þ; a 5 0; 1; 2; 3;V1;V2 are given by33
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Here, di is the Barker–Henderson diameter.36

Using the weighted density approximation,37 the disper-
sion attraction part can be written as
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The more details of Eq. 14 can be seen in Ref. 38. �qi rð Þ
is the weighted density
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in which catt
ij rð Þ is the attractive part of direct correlation

function.39 In two-phase coexistence system, it is calculated
from the equilibrium interfacial density, that is, ql1qvð Þ=2.

In 3-D space, the �qi rð Þ integrals (Eq. 17) can be evaluated
by the fast Fourier transform
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By minimizing the grand potential Eq. 4 and solving the
Euler–Lagrange equation, the 3-D equilibrium density distri-
bution of component i can be obtained by
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Here, b51=kBT, qb
i , and lex

i are, respectively, the density
and excess chemical potential of component i in bulk phase.

For 3-D-DFT calculation, the Cartesian coordinate is
adopted, and the system is discretized into 256 3 256 3 256
grids with the grid spacing 0:1r1 in each axis. By considera-
tion of the boundary effect, the position of solid walls is all
set at z053r1. Accordingly, Eq. 20 can be solved using Pic-
ard iterations. The iteration procedure is repeated until the
average fractional difference over any 3-D grid point
between the old and the new 3-D density function is less
than1024.

Once the equilibrium density distributions of binary mix-
ture have been obtained, the corresponding excess free
energy distributions
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can be determined for the following line tension and contact
angle calculation.

Nucleation energy barrier

Nucleation normally occurs under a supersaturated condi-
tion. For nucleation of pure fluid, droplets (bubbles) can
emerge in the environment of supersaturated vapor (liquid),
and the supersaturation ratio is defined as S5p=p0, where p
denotes the pressure of the supersaturated vapor (liquid) and
p0 means the vapor–liquid coexistence pressure at a fixed
temperature. For droplet (bubble) nucleation of binary mix-
ture, the supersaturation can be induced either by the exces-
sive supersaturation of component i in vapor (liquid) phase
or by the variation of pressure at a certain temperature. In
this work, we take into account the former case, and the

supersaturation ratio is defined as the ratio of the enriched
density of component i to its bulk density in the correspond-
ing phase S5qi=q

b
i .

In the growing process of droplet (bubble), the constrained
free energy can be calculated by

DX5X q1 rð Þ;q2 rð Þ½ �2Xb (22)

in which Xb is the grand potential of the external bulk fluid
in contact with the substrate.

Line tension

In consideration of the effect of line tension on heteroge-
neous nucleation, modified Young’s equation on a solid wall
can be expressed as40

cvw 2clw 2cvl cos h2
s
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for droplet and

clw 2cvw 2cvl cos h2
s
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50 (24)

for bubble. In this work, the contact angle h is specified as
that measured from the inside of droplet or bubble. The three
interfacial tensions, vapor–liquid tension cvl, vapor–wall ten-
sion cvw, and liquid–wall tension clw can be obtained through

c5
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5
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(25)

where X can be obtained from Eq. 4 based on the 3-D den-
sity profile at the two-phase interface, V is the volume of the
system, A is the interfacial area.

Besides above Eq. 23 or 24, another free energy equilib-
rium equation needs to be satisfied. Following Marmur’s
analysis,25,26 it can be written as

s 2pRsin h5DX2 cvl Avl 1cvw Avw 1clw Alwð Þ (26)

where s is line tension, Avl, Avw, and Alw are, respectively,
the interfacial area of vapor–liquid, vapor–wall, and liquid–
wall with Avl52pR2 12cos hð Þ and Avw5Alw 5pR2sin 2h.
Combining the total free energy, two-phase interfacial ten-
sions as well as the modified Young’s equation (Eq. 23 or
24) with Eq. 26, both the line tension and the contact angle
of droplet (bubble) can be determined.

Tolman length

Tolman length indicates the extent of vapor–liquid inter-
face tension of drop (bubble) deviating from its planar value
and can be estimated by fitting cvl Rð Þ

cvlðRÞ5cvl 12
2d
R

� �
(27)

where the vapor–liquid interface tension of drop (bubble) on the
solid wall can be derived from the interfacial grand potential
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For a spherical-cap-shaped droplet (bubble), the integra-
tion volume in Eq. 28 is the product of Avl and the width of
vapor–liquid interface.

Results and Discussion

Heterogeneous nucleation of droplet (bubble)

The binary fluid mixture consists of component 1 and 2.
In this work, r and e are the diameter and energy scale of
component 1 and are taken as length and energy units. The
parameters of component 2 are set to be r2=r 5 1:4,
e2=e50:50. The molecular diameter of the wall rw equals to
r, and the energy scale ew is given in the following for dif-
ferent walls. The reduced temperature and pressure of the
system are fixed at T�5kBT=e50:7 and p�5pr3=e50:005. In
bulk system, the equilibrium vapor densities of component 1
and 2 are qv

1
�50:0030 and qv

2
�50:0045, respectively, and the

corresponding equilibrium liquid densities are ql
1
�50:83 and

ql
2
�50:0025, respectively.
If any one component in vapor or liquid is supersaturated,

droplet or bubble nucleation could occur. As an example,
Figure 1 presents a complete thermodynamic description of
heterogeneous droplet or bubble nucleation on a solvophobic
wall (ew50:13e). Without loss of generality, for droplet
nucleation, we assume component 1 in vapor is supersatu-
rated (qv

1
�50:0060,S52), a nucleated droplet emerges, and

the critical nucleus radius is Rc55:83r. While for bubble
nucleation, we assume component 2 in liquid is supersatu-
rated (ql

2
�5 0:0050, S 5 2), a nucleated bubble appears with

the critical nucleus radius Rc514:33r. Due to different
attributes of the two components, droplet and bubble nuclea-
tion are quite different. In general, bubble nucleation at

Figure 1. Constrained free energy curves of nucleation.

The solid line is calculated by 3-D-DFT for droplet

nucleation of pure LJ fluid at T*50:8 and S52. The

squares are the corresponding simulation data.41 The

dash line is the droplet nucleation of the binary mixture

and the dot line is the bubble nucleation of the binary

mixture at T*50:7, p*50:005, and S52 on the wall

ew50:13e. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]

Figure 2. Two-dimensional slices of density and excess free energy configurations of droplets on different walls.

The slices are cut at x512:8r. (a) Density distribution of a droplet with R58:62r on the wall ew50:001e. (b) Excess free energy

distribution corresponding to (a). (c) Density distribution of a droplet with R510:19r on the wall ew50:60e. (d) Excess free energy

distribution corresponding to (c). [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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solvophobic interface is more difficult than droplet under the
same conditions, and the nucleus size of bubble is relatively
large.

To test the reliability of the present 3-D model for binary
fluids, Figure 1 also presents the constrained free energy of
homogeneous nucleation of pure LJ fluid at T�50:8 and
S52, as the corresponding simulation data is available.41 In
actual calculation, the supersaturation condition is achieved
through pressure variation, and the mole fractions of compo-
nent 2 in both liquid and vapor phases are set to 0. In this
case, the binary mixture is simplified to pure component 1,
ensuring the same condition in theoretical calculation and
simulation. It is shown that the calculated results are in good
agreement with the simulation data, suggesting that the accu-
racy of the current model is acceptable.

Density and energy configurations of droplets (bubbles)

In the following discussions, the nucleation of droplet and
bubble on the solid walls are analyzed under a slight super-
saturation (S51:01) to reduce calculation errors. Under such
a supersaturation, droplets or bubbles need to grow up to a
large size to form stable nuclei. While in our calculation
cell, they cannot grow up to their critical nuclei, hence, they
are unstable. We think that theoretical analysis of immature
nuclei is reasonable as they keep the constant contact angles
during their growth process.

In the present model, the contact angle of vapor–liquid–
wall systems can be determined either by direct measurement

or by excess free energy calculation, corresponding to the 3-D
density distribution or the 3-D free energy distribution, respec-
tively. To measure the contact angle of a droplet on solid
wall, we determine those sites with q � ql1qvsð Þ=2 in each
layer parallel to the solid wall. Within each layer, these sites
form a disk with the average radius rzi

, and then the set of
radii rzi

f g was fitted linearly over a set of layers of the fluid.
The contact angle is the angle between this line and the solid
surface.42 For a bubble, those sites with q � ql1qvsð Þ=2 are
determined. Conversely, the total excess free energy of the
system, as well as the interfacial tensions of vapor–liquid,
vapor–wall, and liquid–wall can be derived from the 3-D free
energy distributions. Accordingly, the contact angle can be
calculated by combining Eq. 23 or 24 with Eq. 26.

Figure 2 presents two-dimensional (2-D) density and
excess free energy distributions of droplets on different
walls. In Figure 2a, at the solvophobic wall (ew50:001e), the
measured contact angle hm of the bubble is 138:68. It can be
seen that, at the vapor–liquid interface and in the droplet–
wall contact region, density fluctuation occurs. Inside the
droplet, such fluctuation has been depressed. Corresponding
to the density profile, the excess free energy distribution
DFðrÞ is plotted in Figure 2b. Inside the droplet as well as at
the vapor–liquid interface, the low-energy region correlates
to the high-density region. Outside the droplet, the excess
free energy declines to zero. While at solvophilic wall
(ew50:60e), the density (Figure 2c) and excess free energy
(Figure 2d) of the droplet display significantly layered

Figure 3. Two-dimensional slices of density and excess free energy configurations of bubbles on different walls.

The slices are cut at x512:8r. (a) Density distribution of a bubble with R57:35r on the wall ew50:89e. (b) Excess free energy dis-

tribution corresponding to (a). (c) Density distribution of a bubble with R510:88r on the wall ew50:13e. (d) Excess free energy dis-

tribution corresponding to (c). [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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distributions, the measured contact angle hm is 45:58. Similar
to Figure 2b, the low-energy region corresponds to the high-
density region. Once the free energy distribution has been
determined, the total excess energy of droplet can be easily
obtained.

Figure 3 shows the density and excess free energy distri-
butions of bubbles near solvophilic (ew50:89e) and solvo-
phobic (ew50:13e) walls, respectively. Near the solvophilic
wall, one sees that density fluctuation (Figure 3a) emerges at
the vapor–liquid interface and in the vicinity of wall. In par-
ticular, a liquid film can be observed between bubble and
wall. Due to the strong solvophilic attribute of the wall, liq-
uid cannot be depleted entirely by the nucleated bubble.
Inside the bubble, the densities are almost uniform. The
measured contact angle hm is 155:68. Similarly, the excess
free energy (Figure 3b) fluctuation is opposite to the density
fluctuation. Near the solvophobic wall, a pancake bubble
emerges. The density and energy distributions are plotted in
Figures 3c and 3d, respectively. The measured contact angle

Figure 4. Two-dimensional density profiles of compo-
nent 1 (a) and 2 (b) of the droplet in Figure
2c.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 5. Two-dimensional density profiles of compo-
nent 1 (a) and 2 (b) of the bubble in Figure
3c.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 6. Line tension as a function of droplet radius
on different walls.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 7. Line tension as a function of bubble radius
on different walls.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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hm is 41:98. Due to the relatively weak solvophility of the
wall, no liquid film can be seen in Figure 3c.

In order to clearly observe the density distributions of dif-
ferent components during droplets or bubbles nucleation, the
density profiles of components 1 and 2 are, respectively, pro-
vided. Figure 4 shows the density profiles of components 1
and 2 of the droplet nucleus in Figure 2c. In Figure 4a, com-
ponent 1 display three peaks inside the droplet. The first
peak is the highest and appears at r from the solid wall
(z54r), and successive peaks arise at intervals of r. For the
component 2 (Figure 4b), the density inside the droplet keep
at low level. Along the edge of the droplet, the first peak
emerges at 1.4r from the solid wall (z54:4r) and the

successive ones occur at intervals of r. The location of the
first peak of component 2 is determined by its molecular
size. In the vicinity of wall, the maximum adsorption of
component 1 is lower than that of component 2. This is
because that, in bulk vapor, the content of component 2 is
slightly higher.

Figure 5 shows the density distribution of each component
of the bubble in Figure 3c. Inside the bubble, the densities
of both components are nearly uniform. Outside the bubble,
the layered distribution of component 1 is aroused by the
adsorption of the liquid. For component 2, there is only a
peak near the wall. In addition, there exists an enrichment of
component 2 at the vapor–liquid interface.

Determination of line tension and contact angle

To confirm the role of line tension in heterogeneous nucle-
ation, we analyze the energy and the force balance along the
three-phase contact line. Accordingly, the line tensions are
calculated and plotted in Figure 6 for droplet and Figure 7
for bubble, respectively. The results show that the line ten-
sions for droplets and bubbles are negative. As the droplet or
bubble radius increases, the line tension declines linearly,
implying that line tension becomes more pronounced for
larger droplet or bubble. As the solvophobicity of wall
increases, the absolute value of the line tensions increases,
but the growth rate shrinks. Meanwhile, the contact angles
of droplet and bubble are also obtained. The results are listed
in Table 1. For comparison, the measured values and the cal-
culated ones without consideration of line tension are also
given in the table. For droplets, the calculated contact angles
with the line tension correction coincide well with the meas-
ured data, whereas those calculated values without the

Table 1. Comparison of Measured and Calculated Contact Angles

ew

Measured
Value hm

Calculated Value
Without Line Tension h

Relative Deviation
(|h–hm|/hm 3 100%)

Calculated Value with
Line Tension hc

Relative Deviation
(|hc–hm|/hm 3 100%)

Droplet 0.001 138.6 147.8 6.63 131.4 5.19
0.13 104.4 112.3 7.60 103.9 0.48
0.46 60.6 68.5 13.0 60.2 0.66
0.60 45.5 52.8 16.0 46.6 2.40

Bubble 0.13 41.9 67.7 61.6 35.3 15.8
0.46 107.2 111.5 4.01 103.0 3.92

Figure 8. Relative interface tension as a function of
nucleus radius on different walls.

(a) Droplet and (b) bubble. Here, cvl is the planar inter-

face tension. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]

Figure 9. Tolman lengths of droplets and bubbles as a
function of wall solvophilicity. [Color figure
can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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correlation deviate from the measured ones systematically,
and the error increases quickly as the wall solvophilicity
increases. For bubbles, the calculated values including the
line tension correction are much better than the ones without
the correction.

Tolman length

Due to the curvature of vapor–liquid interface, the inter-
face tensions of droplets (bubbles) deviate from the planar
value. Figure 8 shows the curved interface tension cvl Rð Þ of
droplets (Figure 8a) and bubbles (Figure 8b), respectively.
One sees that cvl Rð Þ of droplets decreases with the increas-
ing nucleus radius or wall solvophobicity, cvl Rð Þ of bubble
decreases with the increasing nucleus radius or wall
solvophilicity.

By fitting cvl Rð Þ, Tolman lengths of droplets and bubbles
are obtained and given in Figure 9. It is shown that Tolman
lengths are always negative during the droplet and bubble
nucleation process. For droplets, as the solvophilicity
increases, Tolman length decreases. Tolman length
approaches to zero at supersolvophobicity wall, meaning that
the first-order correction to the interface tension is insignifi-
cant. While for bubbles, Tolman length increases up to zero
with the increasing solvophilicity.

Conclusions

The effect of line tension on the contact angle has been
investigated in heterogeneous droplet (bubble) nucleation of
binary LJ fluid using a 3-D-DFT model. We note that no
mixing parameter is introduced into the model. The accuracy
of the theoretical approach has been tested with simulation
data for homogenous nucleation of pure fluid. The density
and excess free energy distributions of droplets and bubbles
on solvophilic and solvophobic walls have been systemati-
cally investigated and presented. More importantly, the line
tensions and contact angles have been determined based on
the corresponding total excess energy. The results show that,
during heterogeneous droplet (bubble) nucleation, the line
tensions are negative, and the absolute values increase as the
solvophobicity of wall increases. Meanwhile, these contact
angles have also been measured directly from the spatial
density configurations. With these line tensions, the calcu-
lated contact angles have been distinctly modified. In addi-
tion, Tolman lengths for droplet and bubble are calculated
and analyzed.
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